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ABSTRACT

A numerical procedure is presented for free vibration analysis of skew plates using the finite
element method. The finite element method is a tool used by many researchers to analyze
plates element and gives good results. In this research, the natural frequency of the plate is
obtained through free vibration analysis, the analysis utilizes skew plate elements with several
skew angles and varying length to thickness ratios. The reference solution in the literature
will be used as a comparison to obtain the convergence behavior of the plate element.
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1. INTRODUCTION

Plate elements are structures that are
widely used in construction, along with the
development of increasingly complex
structural shapes requiring a tool to analyze.
Finite element method arise a solution to
solve plate problem, this method works by
discreatizating element in tho small pieces
called mesh, connected at each node. The
ability of a finite element plate to discretize
an element determines the analysis results.
The phenomenon of shear locking will occur
if the finite element plate element cannot
decretize the element properly, especially
when the ratio of length to thickness
increases. (L/h) [1].

The dependence of a plate element on its
thickness cause the analysis result
inaccurate. Overcoming the shear locking on
plate analysis, many approaches have been
proposed by researcher, MITC3 (3-node

triangular mixed interpolation of tensorial
components) developed by Lee & Bathe [2]
is one of plate finite element that have given
good result in plate problem particularly on

quadrilateral elements [3],[4].

The MITC3 element's development and
research can be found in [1],[2],[5], and [6].
The finite element method has been used to
conduct research on free vibration analysis
[7]-[8]. In this study, we carrie out a free
vibration analysis using MITC3 plate finite
element in the case of free vibration
analysis, several skew angle of skew plate,
and two types of length to thickness ratios
(L/h). Comparing reference solution in the
literature and the analysis result will be
obtained the convergence behavior of
MITC3 plate element.
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2. REISSNER-MINDLIN PLATE THEORY
Strain-Displacement Equation

The displacement field can be defined as
follows using Reissner-Mindlin plate first-
order shear deformation plate theory [9].

u(x,y,z) =u(x, y) + zBx(x,y)
V(X Yy, 2) = V(X y) + 2By (X, y) (1)
w(x,y,z) = w(x, )

where u, v, and w are displacements of the
mid-plane of the plate, fx and By represent
the rotations of the transverse normal about
the x and y axes, respectively.

The linear strains are given by:

Eyx Bx,x
ey 1=1Byy =z{1} (2)
¥xy Bx,y +By X

Yyz Py + Wy
{ }= ={r} (3)
Yxz By Wy
The notation of Byx and B,y state the first
derivatives with respect to x and y
respectively of By w,x and w,, are the first

derivatives with respect to x and y
respectively of vertical displacement w.

Constitutive Equations

According to hook law’s the stress in the
plane can be declared as:

{o} =[El{¢} (4)

The shear stress is as follows

{t} =[G]{v} (5)

The constitutive equations can be simplified
as:

Oy e v 0 €y
Gy = |V 1 0 €y
1-v
Txy 0 0 (1_\/) Yxy (6)
L 2

. 0
El--; 0
- (1-v) 7)
00 & (

[e]= z(ifv){(l) ﬂ

The notation of E declares the modulus of
elasticity, v is Poisson’s ratio, and k= 5/6 is
the shear correction factor.

3. THEFORMULATION OF MITC3 PLATE
ELEMENT

MITC3 is the element proposed by Lee and
Bathe, this element is based on the concept
of “mixed interpolation of tensorial
components” (MITC) by Dvorkin and Bathe
[4] which uses the tying points to get the
shear strain matrix.

MITC3 element has 3 nodes with 3 degrees
of freedom for each node, namely: w;
(translation in the z-direction) B (rotation
in the z-x plane), and B,; (rotation in the z-y
plane).

w3
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Figure 1. MITC3 elements with 3 nodes and
3 dof per node.

Independent rotation field fx and Sy and
displacement w are declared as:

i=1
3
By = 2= NiBy (8)
i=1
3
By = Z= NiBy,
i=1

Where Ni; is the linear shape function at
node-i.

Ny =1-&-n
Ny =¢ 9
N; =

The Bending Strain for MITC3

The relationship between nodal variables
and curvature {y} is:

{1} =[Bo {un}

(10)

The Shear Strain for MITC3

Becy
Figure 2. Tying point

The tying point is chosen in the mid-points
of sides 1-2, 1-3, and 2-3. Distribusi B, is

assumed constant ¢and B, is assumed
constant alongn.

Pe =ay +aym

Bn =b1 +b2é (11)

1
Py :E(BF’ 2y

The value of Bt and 3, at the tying points, is
the average of the values for each corner of
the side, then:

Becay = %(5&1 +Be, )
Pace) = %(Bm +By,)
1 (12)
Bec) =5 (B, +Be;)
Bee) = %(Brﬂ B )

Hence, the shear strain matrix as below;

[B.=[il[B., ]=[[B] [B.] [B.]] (13)

The Shear Strain for MITC3
The total energy due to bending and
shear can be stated as:

b
i = I—[int +ant (14)

b S :
Where 11,,, IT;,, and I}, are internal,

bending, and shear energy respectively.
The total stiffness due to bending, and
shear can be expressed as:

[k]=[kp]+[ks] (15)
Where
[ko]=[[Bs]" [Hy][By]dA

[ks]=£[BS]T[HS][BS]dA

(16)
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4. FREE VIBRATION ANALYSIS

In free vibration analysis, the thing to be
achieved is to get the natural frequency
value w due to a given mass and get a mode
shape d. To get these two variables, it can be
solved through the eigenproblem [11]:

([K]-wn® [m]){d} = {0} (17)
Where,
[k] = Structural Stiffness Matrix

o, = Natural frequency

[m] = Mass matrix

{d} = mode shape

Mass Matrix

The external energy equation due to free
vibrations on the plate is

e = (un ) [m]{u, } (18)

The nodal displacement vectors
(Uny=(w Ba By W By By
W3 Bys By3>

The mass matrix in the free vibration
analysis of the plate can be expressed as

[m]:[mw]““[mﬁx}{mﬁy} (20)

(19)

5. NUMERICAL ANALYSIS

In this paper, numerical analysis was carried
out on a fully modeled CFCF skew plate. the
element was restrained (w=0, Bx=0, and
By=0) on AB and CD sides, and free on the
AD and BC sides. Analyzing skew plate
elements utilize two types of length to
thickness ratio of L/h = 5 and L/h = 1000,
and four types of skew angle of 30°, 45°, 60°,
and 75°. To examine the convergence
behavior of the MITC3 element on free
vibration case, several variations in mesh
sizeareused of (Nx N x2)of4x4x2,8x8
x2,16x16x2,3x32x2,64x64x2,128

x 128 x 2. The convergence behavior of the
skew plate will be ratified using the
reference of natural frequency which is
delivered Woo et al.

((oa I n )«/ph/D [18].

Figure 3. The modeling of the skew plate
with CFCF boundary conditions.

Table 1. Fundamental frequency parameter
for SCSC skew plate when L/h=>5.

Skew angle 6

L P I
4x4x2 1 49793 3.2465
8x8x2 1 43102 2.8299
16 x 16 x 2 1 3.9403 2.6624
32x32x2 1 3.7215 2.5983
64 x 64 x 2 1 3.6141 2.5761
128x128x2 1 3.5748 2.5684
Woo etal. 1 3.5597 2.5659
[7]
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Table 2. Fundamental frequency parameter
for SCSC skew plate when L/h=5.

Skew angle 6
NxNx2 Mode
number 0=60° 0="75°
4x4x2 1 2.4827 2.1339
8x8x2 1 2.2013 1.9195
16 x16 x 2 1 2.1156 1.8644
32x32x2 1 2.0891 1.8493
64 x 64 x 2 1 2.0809 1.8451
128x128x2 1 2.0783 1.8439
Woo et al. 1 2.0788 1.8465
[8]
Mode 1

Tg 10.00
—f 3 800 ==MITC3
g ;; 6.00 —\\oo et al
%e 4.00 \\4 +
= 2.00

0.00

0 16 32 48 64 80 96 112 128
Number of element on each edge N

Figure 4. The natural frequency of CFCF
skew plate (L/h = 5) with skew angle 6 = 30.

The analysis in Table 1-2 and Fig. 4,
indicated that MITC3 element convergence
to reference solution in the case of the thick
plate element (L/h=5). Skew plate on mesh
4 x 4 x 2 to mesh 128 x 128 x 2, the
difference in mode 1 skew angle 6 = 30° to
reference solutions is 0.424% - 39.879%, 0 =
45%is 0.096% - 26.526%, 0 = 60°is 0.023% -
19.430%, and 6 = 75°is 0.141% - 15.562%.

Mode 1
180
= 150 2
=
o]
< 120
50
k=
= 90
= —+—MITC3
2 60
p] ——Kumar|etal
o 30
=]
0 A
0 4 8 12 16 20 24 28 32
Number of element on each edge N

Figure 4. The natural frequency of CFCF
skew plate (L/h = 5) with skew angle 6 = 45.

Fig. 5 exhibits that a plate with skew angle 6
= 45° has a smaller natural frequency than 6
= 30° in fine mesh, and mode 1, the
difference is 1.000. In the case of 8 = 45°
MITC3 elements converge to the reference
solution.

Mode 1
250
2’5
Z 200
]
2
%ﬂ 150
%
= 100 —=—-MITC3
@
:jg 50 ——Kumar etal
=
=}
0 ; = |
0 4 8 12 16 20 24 28 32
Number of element on each edge N

Figure 6. The natural frequency of CFCF
skew plate (L/h = 5) with skew angle 6 = 60.

Fig. 6 represents that MITC3 convergence to
reference solution, in fine mesh, skew plate
6 = 45° has a bigger natural frequency than 6
= 60°. The difference of each other is 0.4900.

Mode 1
10.0

9.0 /

=
<
©
g /
g 80 /
Eu ——MITC3
= 70
A
g —==—Kumar et al
g 60
—
5] /

5.0

25 35 45 55 65 75
Angle skew 6

Figure 5. The natural frequency of CFCF
skew plate (L/h = 5) with skew angle 0 = 75.

Fig. 5 denotes that skew plate 8 = 75° has a
natural frequency that is the smallest of any
skew plate in this research. In addition,
From the several skew plate, it is obtained
that 8 = 30° has the largest difference to the
reference solution than 6 = 45°, 6 = 60°, and
6 =75°. In the case of the thick plate (L/h=5)
obtained that increasing the skew angle of
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0,149% - 51.147%, 6 = 60° is 0,059% -
34.823%, and 6 = 75° to the reference
solution is 0,001% - 27.188%.

the plates 6 caused a decrease in the natural
frequency values.

Table 3. The first five non-dimensional

natural frequency parameters of CFCF skew Mode 1
late (L/h=1000). T 1000
g —e—MITC3
Mode Skew angle 6 23 800
NxNx2 g > ——=Woo etal
number 0=30° 0 =45° & 600 L
£E
1 59785 | 6.0748 £ w00 \\
o ———
2 59949 | 6.1030 “ a0 i
128 x 0.00
128 x 2 3 9.9372 9.8642 . 2 i o o s
4 12.2506 | 12.0750 Angle Skew
5 15.5102 15.7160
1 3.7094 3.7149 Mode 2
T 10.00
2 3.8904 3.8948 g . 800 S P
Woo et al. R ot a
3 62970 | 6.2744 5% 4o ~Wooetal
(8] 22 ~
4 89132 | 88512 EX Lo \&\
5 T ———
5 10.5553 10.6030 Z 200
0.00
Table 3. The first five non-dimensional 25 35 45 55 85 s
Angle Skew 6
natural frequency parameters of CFCF skew
late (L/h=1000).
Skew angle 6 Mode 3
NxNx2 Mode = 1250 -
number | g=60° | =75 E s
1 27783 | 27767 “ > o \\ == Wooetal
3 & 750
2 3.1044 3.0890 i —
128 3 50351 | 5.0186 :
128 x 2 i i = 250
4 7.5166 7.4977 0.00
5 82380 | 82153 T s T
1 1.8439 1.8465
2 2.0609 2.0505 Mode 4
Woo etal. 3 3.0595 | 3.2000 T 1500
[8] £ ——MITC3
4 3.2405 | 4.1801 33120 "\\ ——Wooetal
2% 9.00
5 41708 4.4432 g e ———
é = 600 —
From Table 3, and Table 4, in the case of thin = 300
plate element (L/h=100) MITC3 elements 0.00
converge to the reference solution in each 25 35 :51 . 25 05 75
ngle Skew

skew angle. In fine mesh, mode 1, mesh 4 x
4 x 2 to mesh 128 x 128 x 2, the difference
of skew plate 8 = 30° to the reference
solution is 1,585% - 84.808%, 0 = 45° is
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Mode 5
T 2000
= ITC3
2 3 16.00
Tsc ::%I X\ ——Woo et al
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2 € 1200 \
o
éé 8.00 \‘*-x__
; —_—
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0.00
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Angle Skew 0

Figure 8. Natural Frequency of CFCF skew
plate (L/h =1000) according to skew angle.

Fig 8 depicts that increasing the skew angle
0 caused a decrease in natural frequency
value.

6. CONCLUSION

Free vibration analysis of skew plates in case
of four skew angles, and two types of ratio
plates of L/h =5 and L/h =1000 using MITC3
element, represents that there is the effect of
skew angle and length to thickness ratios
L/h, increasing skew angle caused decrease
in natural frequency, and increasing the L/h
caused increase in the natural frequency.
Furthermore, MITC3 element convergence
to reference solution and it concludes this
element can be utilized to solve plate
problem.
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